points in a system consisting of quantum emitters coupled to a metal nanoparticle of subwavelength scale. By using an analytical quantum electrodynamics approach, exceptional points are manifested as a result of a strong coupling effect and observable in a drastic splitting of originally coalescent eigenenergies. Furthermore, we show that exceptional points can also occur when a number of quantum emitters is collectively coupled to the dipole mode of localized surface plasmons. Such a quantum collective effect not only relaxes the strong-coupling requirement for an individual emitter, but also results in a more stable generation of the exceptional points. Finally, we point out that the exceptional points can be explicitly shown in the transmission spectrum of an ancilla waveguide coupled to the system.
Introduction
The rapid development of quantum technologies have triggered intense interest in the potential of quantum sensors.
1,2 Without considering energy loss or gain, one only needs a hermitian Hamiltonian to describe an energy-conserving system, where a diabolical point (DP), 3 containing degenerate eigenenergies with different corresponding eigenvectors, may be found. In realistic systems, however, one must consider the energy exchange process with an environment, 4 which in some situations can be described by an effective non-Hermitian
Hamiltonian. An intriguing property of non-Hermitian Hamiltonians is that the degeneracy of eigenenergies can occur alongside the coalescence of the corresponding eigenstates, i.e. the occurrence of exceptional points (EPs). 5, 6 Owing to different mathematical properties of DPs and EPs, when the system is subjected to a perturbation, the resulting energy splitting of a spectrum is shown to follow a square-root dependence on the perturbation at an EP, instead of being linearly proportional to the perturbation, as occurs at a DP. [6] [7] [8] In other words, the energy splitting of the spectrum at an EP may have an extremely sensitive dependence on the parametric change caused even by a small perturbation. This is why the splitting near an EP may be exploited for ultrasensitive sensing.
6,9,10
We note however that the true applicability and usefulness of EP sensing depends on the details of how the parametric change is measured. 8, 11 In any case, finding practically useful However, the typical size of these systems possessing EPs is usually too large (of several hundred nanometers) to be utilized for sensing in some important applications, like biosystems. In particular, to be practical in biosystems or bioorganisms, the scale of a whole device should be as small as possible to be integrated with biologically relevant substances. 38 Fortunately, when light is incident on a metal nanoparticle (MNP), local oscillations of electrons, known as localized surface plasmons (LSPs), can occur at a length scale much smaller than the wavelength of light. [39] [40] [41] This implies that by placing quantum emitters (QEs), such as biomolecules, near an MNP, the electromagnetic field outside the MNP becomes tightly localized around the metal surface, giving rise to possible strong couplings between the QEs and MNP. 42, 43 Under suitable dissipation conditions, the existence of EPs at a subwavelength scale becomes possible.
In this work, we predict the existence of an EP in an MNP coupled to a QE. Here, the QE can represent a two-level system, such as a biochemical molecule or a quantum dot.
Surprisingly, we find that EPs can also occur when an number of quantum emitters are collectively coupled to a dipole mode in the MNP. Such a quantum collective effect not only relaxes the strong-coupling requirement for the individual emitter, but also results in a more feasible conditions to generate EPs. Additionally, by exploiting the properties of a waveguide near the system, we show how the observation of an EP, as well as the frequency splittings, are experimentally accessible.
3
Results and discussion
Single quantum emitter coupled to the silver nanoparticle Partial enlargement of (a): A QE with the dipole orientation µ 1 = (µ 1r , µ 1θ , µ 1φ ) coupled to the LSPs with damping rate γ p as well as other decay channels, such as internal nonradiative decay and spontaneous decay into the dielectric material, with a total rate γ QE . The strengths of the coupling to the dipole mode (c), and to the pseudomode (d), as functions of θ d1 and φ d1 with h 1 = 1.
In order to explore the possibility of using the emitter-plasmon system as a quantum sensor, we follow the formalism of Ref. 42 . Thus, we first consider a composite system em-4 bedded in a nondispersive, lossless dielectric medium with permittivity of b = 2.3, composed of a two-level QE close to the surface of a silver MNP with a distance h 1 , as depicted in Fig. 1(a) . The MNP with a radius a = 7nm can be characterized by a Drude-type permit-
with ∞ = 4.6,hω p = 9 ev and the dissipation of silver hγ p = 0.1 ev. Here, the QE acts as a point-like dipole with the distance h 1 larger than 1 nm. 44 As shown in Fig. 1(b) , µ 1 = (µ 1r , µ 1θ , µ 1φ ) is the dipole moment of the QE in the spherical coordinates. The strength of the dipole moment is | µ i | = 0.38 e.nm. 42 The Hamiltonian of the QE is given by H QE =h ω 0 − i(
) σ e 1 ,e 1 , where σ e 1 ,e 1 = |e 1 e 1 | represents the diagonal element of the QE operator with a transition energyhω 0 . Here, the Hamiltonian of the EM field can be expanded in terms of the annihilation (creation) operators of radiation field,f ( r, ω)(f ( †) ( r, ω)), including all the EM modes of the vacuum and LSPs as:
When excited, the QE is not only coupled electromagnetically to the SP modes on the metal surface, but also coupled to several decay channels, such as internal nonradiative decay due to rovibrational or phononic effects and spontaneous decay into the dielectric material, with a total rate γ QE . The interaction between the QE and EM modes is given by
+ + H.c. , where σ
(1) 
, where I stands for the unit dyad. In this regard, the Green's function, which contains all the information about the EM field in both dielectric and metal media, plays a prominent role in the realization of the coherent coupling between the QE and the MNP. Therefore, this QE-MNP system can then be described by the total Hamiltonian, within the rotating-wave approximation, as :
For a single quantum excitation, let C 1 (t) denote the probability amplitude that the QE can be excited. By solving the Schrödinger equation, one can obtain the following integrodifferential equation for the C 1 (t),
where J(ω) is the so-called spectral density of the system, which can be expanded into the sum of Lorentzian distributions (see Supporting Information),
where χ = n, with ω n = ω p / ∞ + d (n + 1)/n being the cutoff frequency of the LSPs characterized by the angular momentum n and the Ohmic loss γ p . Suppose that there is no direct tunneling between the MNP and the QE (h i > 1 nm). Then the coupling strengths between the QE and the Lorentzian modes of the LSPs are given by
where
. Here, P m n (x) stands for the associated Legendre polynomial. In order to properly evaluate and fit the polarization spectrum, the LSP mode on the MNP can be approximately separated into the dipole mode and the pseudomode 47, 48 with cutoff frequencies,
correspondingly. The couplings to the dipole mode and pseudomode are g d (µ 1 ) = g 1 (µ 1 ) and
Typically, the coupling to the pseudomode can be neglected when the separation is large enough. However, when the QE is placed closer to the MNP with a distance below 10 nm, the coupling to the pseudomode can play a dominant role, even five to ten times stronger than the coupling to the dipole mode. In addition to the separation, the coupling strength also depends on the orientation of the dipole moment. Hence, both coupling strengths, g d and g M , are plotted not only by changing the distance h, but also by varying the orientation of the dipole moment, θ d1 and φ d1 , as shown in Figs. 1(c) and 1(d). This QE-MNP system can formally be described by a non-Hermitian three-level Hamiltonian to reveal EPs,
When the QE is gradually moved closer to the MNP both imaginary and real parts of the eigenenergies directly coalesce at a certain distance, resulting in the emergence of the EP, as shown in Figs. 2(a) and 2(b). Here, we can observe the EP while placing the QE at h 1 ≈ 3 nm with the dipole moment orientation (µ 1 , θ d1 , φ d1 ) = (0.38, 0.5π, 0). The appearance of an EP mainly results from the coupling between the QE and the pseudomode instead of the dipole mode. Therefore, the effective Hamiltonian of this composite system can be rewritten in a reduced form with only two concerned modes
which is a standard form of Hamiltonians studied in the context of EP. 6, 23 Only under the conditions given by ω 0 = ω M and g M (µ 1 ) = (γ p − γ QE )/4 can the EP arise. Close to the EP, the real part of the eigenenergy drastically splits when the QE is placed even closer to the MNP. On the contrary, when the QE is far away from the MNP, i.e. h 1 > 3 nm, one might expect that the two eigenenergies should originally coalesce rather than split. However, this splitting occurs due to the non-resonant condition between the transition energy of the QE and ω M , which varies with the distance h 1 . On the other hand, the coupling between the dipole mode and the QE also induces splitting. By solving the eigenvalue equations, the splitting strength E close to the EP in terms of g d and ω d can be analytically given by
where 
Exceptional points induced by collective coupling to surface plasmons
When increasing the number of QEs near the MNP, one can expect a stronger interaction between the LSP and the dipole mode compared to the previous case. 49 Hence, the strongcoupling regime between the LSP and QEs can be easily reached by their collective coupling to the dipole mode, rather than to the pseudomode. In this regard, an EP is likely to be achieved via the collective coupling between the dipole mode and the QEs. We assume that there are N QEs oriented radially at h nm from the surface of the MNP with an identical dipole moment orientation (µ r , µ θ , µ φ ) being parallel to x axis, as illustrated in Fig. 3(a) .
into the effective detuning δ J with identical distance r ij between each adjacent QEs, the interactions between the QEs and the LSP can be described by the three-level non-Hermitian Hamiltonian
Note that a similar Hamiltonian was studied in Refs. 42,49 but not in the context of EPs.
From the eigenvalue equations, one can obtain the energy spectra with the emergence of an EP by setting ten to twenty QEs in proximity to MNP as depicted in Figs that the EP disappears. Therefore, there is a limit on the suitable number of the QEs to achieve an EP in the energy spectrum.
Besides the dipole-dipole interaction, the QEs coupled to the pseudomode also play an important role in the formation of eigenenergy splitting near an EP. In order to investigate how the coupling to the pseudomode affects the eigenenergy splitting, we make a comparison between different sizes of the MNPs coupled to 10 QEs with the significant enhancement of the coupling to the pseudomode. The splitting emerges while enlarging the MNP size from a = 7 to 10 nm, as shown in Figs. 4(a) and 4(b). This is because the enlargement of the MNP size is beneficial to enhance the coupling to the pseudomode. Meanwhile, the distance h EP for the occurrence of EP becomes closer to the MNP. In this case, the coupling to the pseudomode can be enhanced, thereby increasing the splitting simultaneously. As shown in
Figs. 4(c) and (d), the relation between h EP and the radius a of the MNP, can be described by an analytic form Overall, the enlargement of the eigenenergies splitting at the position of an EP results from the enhancement of the coupling to the pseudomode, which can be caused by both increase of the MNP size and reduction in the distance h EP .
Detecting the exceptional points
When an EP is presented in the QEs-MNP system, one should also consider how to detect it. Here, we do not fully consider how to employ the EP as a sensor per se, but just consider how to detect its presence. To do so, we propose to measure the scattering spectra 50 of an ancilla waveguide, such as nanofiber 51 or nanowire, 52 coupled to one of the QEs in proximity to the QEs-MNP system. Without loss of generality, we consider the case of a single QE.
The effective Hamiltonian of LSPs, including the dipole mode and pseudomode, can Here, the stationary state with both dipole mode and pseudomode of LSPs can be written as 52,54,55
where |QE sys = |gr 1 ⊗ |0 d ⊗ |0 M ⊗ |0 WG denotes the state in which the QE is in its ground state without any excitation of a LSP of the dipole mode and pseudomode, and no excitation 13 of a waveguide photon. By using the Fourier transform,
νL (x, ϕ)] standing for a bosonic operator creating a right (left) propagating waveguide photon at x and ϕ with the propagating modes along the x and ϕ directions. Note that ξ i and ξ d(M ) are the probability amplitudes that the ith QE can be excited and the dipole mode (pseudomode) absorbs the field becoming excited, respectively.
Suppose now that a waveguide photon is incident from the left-hand side, then the scattering amplitudes ψ + k,n,R and ψ + k,n,L take the forms
where t and r are the transmission and reflection amplitudes, respectively, and, θ(x) represents the unit step function. By solving the eigenvalue equations
with the scattering eigenstates, the scattering spectra can be obtained directly as shown in Fig. 5 . Corresponding to the Figure 5 : Transmission probabilities of the scattering spectra as a function ofhω ν with (θ di , φ di ) = (π/2, 0). When a QE is in close proximity to the MNP at h 1 = 2 nm (red solid) or even at h 1 = 1 nm (blue solid), the dips of the transmission probability are separated drastically, coinciding with the splitting of eigenenergies. Placing the QE at h 1 = 3 nm (black solid), the emergence of an EP can be characterized by the transmission spectrum with a single dip. Here we assume that g ν = 0.2 eV. condition in Fig. 2(a) , when moving a QE closer to the MNP (such as from 10 nm to 3 nm) before an EP emerges, one can only observe a single dip due to the weak coupling between the QE and the MNP, as shown in Fig. 5 . Therefore, it is possible to detect the coalescing feature of an EP by means of the scattering spectra via a coupled waveguide.
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Conclusions
In conclusion, we have shown the emergence of EPs in open quantum systems composed of an MNP and a number of QEs. Surprisingly, an EP can stem from the coupling of different modes between a QE and a LSP. For the single-QE case, the formation of an EP mainly results from the coupling to a pseudomode, which becomes dominant when the distance between the QE and the MNP is shorter than 10 nm. However, the coupling to the dipole mode plays an important role in inducing the eigenenergy splittings near an EP.
Subsequently, placing more QEs nearby the MNP triggers a collective coupling, which also induces an EP. Instead of the coupling to the dipole mode, the coupling to the pseudomode and the dipole-dipole interaction between QEs become important factors leading the splitting of eigenenergies near an EP. Therefore, with a proper balance between the quantum collective effect and the dipole-dipole interaction, by using a number of QEs near the MNP not only relaxes the strong-coupling requirement for an individual QE, but also results in a more stable condition to generate exceptional points. Furthermore, we showed that by utilizing an ancilla waveguide, the transmission spectra can show the appearance of EPs. 
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Derivations of the spectral density in the quasistatic limit From the integro-differential equation, given by Eq. (1), one can obtain the spectral density as follows
where the Green's tensor G( r 1 , r 1 , ω) satisfy the boundary conditions
Here, the full Green's tensor is composed of the unbounded dyadic Green's function, G 0 ( r 1 , r 1 , ω) and the scattering dyadic Green's function, G scatt ( r 1 , r 1 , ω), which represent the vacuum contribution and an additional contribution of the multiple reflection and transmission waves, 
and the scattered part of the dyadic Green function can be expanded as
. Here, R H and R V represent the centrifugal reflection coefficients corresponding to the electric field of the TE and TM waves, respectively. We take the quasistatic limit into account due to the justified assumption that the distance between the MNP and QE is much smaller than the wavelength of the electromagnetic field
. Hence, the values of R H and R V are given by 
